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A b s t r a c t

T h e  i n c r e asi n g  p r es e n c e  of  el e ct r o ni c  a n d  o nli n e  l e ar ni n g  r es o ur c es  p r es e nts  c h all e n g es  a n d
o p p o rt u niti es f o r  ps y c h o m etri c  t e c h ni q u es  t h at  c a n  assist i n  t h e   m e as u r e m e nt  of  a biliti es  a n d
e v e n  h ast e n t h ei r   m ast er y.   C o g niti v e  di a g n osis   m o d els ( C D Ms) a r e i d e al f o r t r a c ki n g   m a n y fi n e-
g r ai n e d  s kills t h at  c o m p ris e  a  d o m ai n,  a n d  c a n  assist i n  c a r ef ull y  n a vi g ati n g t h r o u g h t h e t r ai ni n g
a n d  ass ess m e nt  of t h es e s kills i n  e-l e ar ni n g  a p pli c ati o ns.   A  cl ass  of   C D Ms f o r   m o d eli n g  c h a n g es
i n att ri b ut es is  p r o p os e d,   w hi c h is r ef e rr e d t o as l e ar ni n g t r aj e ct o ri es.   T h e a ut h o rs f o c us  o n t h e
d e v el o p m e nt  of  B a y esi a n  p r o c e d u r es f o r  esti m ati n g  p ar a m et e rs  of  a fi rst- o r d e r  hi d d e n   M ar k o v
m o d el.   A n a p pli c ati o n  of t h e  d e v el o p e d   m o d el t o a s p ati al r ot ati o n  e x p e ri m e nt al i nt e r v e nti o n is
p r es e nt e d.
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I n t r o d u c ti o n

T h e  i n cr e asi n g  pr es e n c e  of  el e ctr o ni c  a n d  o nli n e  l e ar ni n g  r es o ur c es  pr es e nts  c h all e n g es  a n d
o p p ort u niti es  f or  ps y c h o m etri c  t e c h ni q u es  t h at  c a n  assist  i n  t h e   m e as ur e m e nt  of  a biliti es  a n d
e v e n  h ast e n  t h eir   m ast er y.   C o g niti v e  di a g n osis   m o d els  ( C D Ms)  ar e  i d e al  f or  tr a c ki n g   m a n y
fi n e- gr ai n e d  s kills  t h at  c o m pris e  a  d o m ai n,  a n d  c a n  assist  i n  c ar ef ull y  n a vi g ati n g  t hr o u g h t h e
tr ai ni n g  a n d  ass ess m e nt  of t h es e  s kills i n  e-l e ar ni n g  a p pli c ati o ns.   T h e  c o u pli n g  of   m o d els  f or
s kill  a c q uisiti o n   wit h  it e m  r es p o ns e   m o d els  i n  c o g niti v e  di a g n osis  is  c o nsi d er e d.   M o d eli n g

1 U ni v e rsit y  of   N e v a d a – R e n o,   U S A
2 U ni v e rsit y  of Illi n ois at   U r b a n a – C h a m p ai g n,   U S A
3 U ni v e rsit y  of   G e or gi a,   At h e ns,   U S A

C o r r e s p o n di n g   A u t h o r:
J effr e y   D o u gl as,   D e p a rt m e nt  of St atisti cs,   U ni v e rsit y  of Illi n ois at   U r b a n a – C h a m p ai g n, 7 2 5 S o ut h   W ri g ht St r e et,
C h a m p ai g n, I L  6 1 8 2 0,   U S A.

E m ail: j eff d o u g @illi n ois. e d u

http://sagepub.com/journalsPermissions.nav
http://doi.org/10.1177/0146621617721250
http://journals.sagepub.com/home/apm
http://crossmark.crossref.org/dialog/?doi=10.1177%2F0146621617721250&domain=pdf&date_stamp=2017-09-05


l e ar ni n g is  a  n at ur al  dir e cti o n f or s kills  di a g n osis   wit h t h e i n cr e as e d  pr es e n c e  of  o nli n e tr ai ni n g
a n d i nt er v e nti o ns  d esi g n e d t o  pr o m ot e s kill a c q uisiti o n.

Tr a diti o n al r es e ar c h i n   C D Ms h as ass u m e d t h at t h e v e ct or of l at e nt s k ills u n d er di a g n osis is st ati c
t hr o u g h o ut a n ass ess m e nt.   H o w e v er, e-l e ar ni n g a n d i nt elli g e nt t ut ori n g s yst e ms pr o vi d e o p p ort u niti es
t o  pr o vi d e tr ai ni n g i nt ers p ers e d   wit h ass ess m e nt, s o it is   m or e a c c ur at e t o t hi n k  of t h e l at e nt attri b ut e
v e ct or  d y n a mi c all y.   O nl y r e c e ntl y  h a v e   C D Ms  b e e n  c o nsi d er e d f or  c h a n gi n g  attri b ut e  v e ct ors,  a n d
t his  h as   m ostl y  b e e n  i n  t h e  l o n git u di n al  d at a  s etti n g  ( K a y a   &   L eit e,  2 0 1 6;   Li,   C o h e n,   B ott g e,   &
T e m pli n,  2 0 1 5), i n   w hi c h c o nsi d er a bl e ti m e c o ul d e x pir e  b et w e e n t w o ass ess m e nts   wit hi n   w hi c h t h e
l at e nt tr ait is ass u m e d st ati c.   Li et al. ( 2 0 1 5) us e d t h e   DI N A (J u n k er   &  Sijts m a, 2 0 0 1)   m o d el t o g et h er
wit h a tr a nsiti o n   m o d el as a   m e a ns  of   m e as uri n g t h e eff e cts  of a n e d u c ati o n al i nt er v e nti o n.   T hr o u g h
si m ul ati o n  st u di es,   K a y a  a n d   L eit e  ( 2 0 1 6)  st u di e d  s u c h tr a nsiti o n   m o d els  f or l o n git u di n al  a p pli c a-
ti o ns usi n g b ot h t h e   D et er mi nisti c i n p uts, n ois y a nd g at e   m o d el ( DI N A) a n d t h e   D et er mi nisti c i n p uts,
n ois y or g at e   m o d el ( DI N O) ( T e m pli n   &   H e ns o n, 2 0 0 6)   m o d els.

I n  e-l e ar ni n g  s etti n gs,  o n e   mi g ht  r e as o n a bl y  e x p e ct t h at l e ar ni n g  c o ul d t a k e  pl a c e  b et w e e n
it e ms  or  b et w e e n  bri ef l e ar ni n g   m o d ul es   wit h littl e  s e p ar ati o n i n ti m e.  St u d er ( 2 0 1 2)  pr o p os e d
t h e  P ar a m et er   Dri v e n  Pr o c ess f or   C h a n g e   m et h o d   w hi c h i n dir e ctl y tr a c ks l e ar ni n g  b y  ass essi n g
a st u d e nt’s   m e m b ers hi p i n  a s m all  n u m b er  of  p ossi bl e l at e nt st at es.   T h e  n u m b er  of l at e nt st at es
w o ul d  b e   m u c h  f e w er t h a n  t h e  2 K attri b ut e  pr ofil es t h at  e xist   w h e n K bi n ar y  s kills  ar e  b ei n g
ass ess e d,  a n d t h e K c o m p o n e nts  of t h e  attri b ut e  pr ofil e  ar e   m o d el e d  as i n d e p e n d e nt  gi v e n t h e
l at e nt  st at e.   T h es e  l at e nt  st at es  ess e nti all y  s er v e  as  hi g h er  or d er  l at e nt  v ari a bl es.  S o m e  st at es
h a v e  hi g h er  pr e v al e n c e f or  e a c h  c o m p o n e nt  a n d l e ar ni n g is tr a c k e d l ess s p e cifi c all y  b y  c o nsi d-
eri n g   m e m b ers hi p  i n  t h e  l at e nt  st at es  r at h er  t h a n  c h arti n g  t h e  c h a n g e  i n  t h e  attri b ut e  pr ofil e
its elf. I n t his   w a y, f e w er tr a nsiti o n  pr o b a biliti es  ar e  n e e d e d t o   m o d el tr a nsiti o ns,  b ut   m e m b er-
s hi p i n t h e  diff er e nt l at e nt  st at es  h as  a  b e ari n g  o n  c h a n gi n g  p ost eri or  pr o b a biliti es  f or t h e  f ull
attri b ut e  p att er n  as it  c h a n g es  o v er ti m e.  St u d er ( 2 0 1 2)  als o  c o nsi d er e d t h e  c as e i n   w hi c h t h er e
ar e  2 K l at e nt  st at es i n t h e tr a nsiti o n   m o d el,  o n e f or  e a c h  attri b ut e  p att er n,  a n d r ef ers t o t his  as
K n o wl e d g e   Tr a ci n g  pl us   C D M,  t h o u g h  n o  s p e cifi c  f or m ul ati o n  or  e x a m pl es  ar e  pr o vi d e d.
R e c e ntl y,   W a n g,   Y a n g,   C ul p e p p er,  a n d   D o u gl as  ( 2 0 1 6)  c o nsi d er e d  a  f ull tr a nsiti o n   m o d el  f or
t h e  e ntir e  attri b ut e  p att er n  t o  a d dr ess  t h e  i n di vi d u ali z e d  tr a nsiti o n  p att er ns  b y  usi n g  a  s et  of
l at e nt  a n d  o bs er v e d  c o v ari at es,  s u c h  as  a  g e n er al  l e ar ni n g  a bilit y  a n d  pr a cti c e  eff e cts,  a n d
a p pli e d it t o  a  st u d y  of l e ar ni n g  s p ati al r e as o ni n g  s kills i n   w hi c h  a n i nt er v e nti o n   w as  a d mi nis-
t er e d  b et w e e n  s h ort  bl o c ks  of  it e ms.   R e c e nt  l e ar ni n g  r es e ar c h  i n   C D Ms  h as  als o  c o nsi d er e d
s e q u e nti al  st atisti c al   m et h o ds  f or  d et e cti o n  of  l e ar ni n g  ( Y e,  F ell o uris,   C ul p e p p er,   &   D o u gl as,
2 0 1 6), i n   w hi c h   m et h o ds  f or  d et e cti o n  of l e ar ni n g   wit h   mi ni m al  d el a y   w er e i ntr o d u c e d.   M or e
a c c ur at e   m o d els f or l e ar ni n g c o ul d e n h a n c e  d et e cti o n, e n a bli n g  o n e t o   m or e effi ci e ntl y  n a vi g at e
t hr o u g h a list  of s kills t o  b e l e ar n e d   w hil e a v oi di n g f als e  d et e cti o ns.

I n t h e  d at a   mi ni n g fi el d, t h e   m et h o d  of   K n o wl e d g e   Tr a ci n g ( C or b ett   &   A n d ers o n,  1 9 9 4)  h as
e m er g e d as a  p o p ul ar t e c h ni q u e f or   m o d eli n g l e ar ni n g,  us u all y i n t h e s etti n g  of i nt elli g e nt t ut or-
i n g s yst e ms.   K n o wl e d g e   Tr a ci n g  b e ars   m u c h r es e m bl a n c e t o l e ar ni n g   m o d els f or   C D M,  b ut tr a-
diti o n all y  f o c us es  o n  o n e  attri b ut e  at  a  ti m e.  I n  f a ct,  St u d er  ( 2 0 1 2)  s h o w e d  t h at   K n o wl e d g e
Tr a ci n g is   m at h e m ati c all y e q ui v al e nt t o a n e xt e nsi o n  of t h e   N ois y i n p uts, d et er mi nisti c a n d  g at e
m o d el ( NI D A) (J u n k er   &  Sijts m a,  2 0 0 1;   M aris,  1 9 9 9)   m o d el f or   m ulti pl e ti m e  p oi nts,   wit h t h e
r estri cti o n t h at  e a c h it e m  d e p e n ds  o n  a  si n gl e  s kill.   H o w e v er, r e c e nt  e xt e nsi o ns t o   K n o wl e d g e
Tr a ci n g  h a v e  b e e n  i ntr o d u c e d  t h at  i n c or p or at e   m ulti pl e  s kills  at  o n c e  a n d  all o w  f or  diff er e nt
it e m  p ar a m et ers ( G o n z ál e z- Br e n es,   H u a n g,   &   Br usil o vs k y,  2 0 1 4;   G o n z ál e z- Br e n es   &   M ost o w,
2 0 1 3;  P ar d os   &   H eff er n a n,  2 0 1 0;   Y.   X u   &   M ost o w,  2 0 1 2).   As t h e  b o d y  of r es e ar c h  o n  d y n a mi c
l at e nt  cl ass   m o d eli n g  gr o ws,  t h e  p ar all el  tr a c ks  of   C D M  a n d   K n o wl e d g e   Tr a ci n g  c a n  b e
e x p e ct e d t o  pr o d u c e i d e as t h at c a n  b e n efit  b ot h   m et h o d ol o gi es at  o n c e.
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T h e  p ur p os e  of t his  arti cl e is t o  pr o p os e  a  cl ass  of  d y n a mi c   m o d els  f or tr a ci n g  c h a n g es i n
attri b ut es,   w hi c h is r ef err e d t o  as l e ar ni n g tr aj e ct ori es.   T h er e  ar e t w o   m ai n  c o ntri b uti o ns  c o m-
p ar e d   wit h  t h e  e xisti n g  lit er at ur e.   T h e  first  is  t o  i ntr o d u c e  t h e  n oti o n  of  l e ar ni n g  tr aj e ct ori es
wit hi n  t h e   C D M  fr a m e w or k.   Diff er e nt  t y p es  of  l e ar ni n g  tr aj e ct ori es,  fr o m  t h e   m ost  g e n er al
c as e,  u nstr u ct ur e d tr aj e ct ori es, t o  n o n d e cr e asi n g  p att er ns, ar e  d efi n e d a n d ill ustr at e d   wit h e x a m-
pl es.   A   B a y esi a n   M o d eli n g fr a m e w or k t o  c a pt ur e  e a c h t y p e  of l e ar ni n g tr aj e ct or y is  als o  est a b-
lis h e d.   Es p e ci all y,  t h e  a ut h ors  dis c uss  a n d  c o m p ar e  t h eir   m o d el  c o m pl e xiti es,  t h e  n u m b er  of
p ar a m et ers, a n d t h e  pri or  distri b uti o ns f or e a c h  pr o p os e d   m o d el.   T h e s e c o n d c o ntri b uti o n is t h at
o n e  of  t h e  pr o p os e d   m o d el t hr o u g h  a   M o nt e   C arl o  si m ul ati o n  a n d  a  r e al  d at a  a p pli c ati o n  ar e
e v al u at e d. I n  pr a cti c al s etti n gs, r es e ar c h ers   m a y  h a v e  a  p o ol  of it e ms t o a d mi nist er  o v er ti m e t o
e v al u at e l e ar ni n g tr aj e ct ori es.   T h er e is  n o  pri or r es e ar c h  o n  h o w t o  d esi g n  s u c h t ests t o  e ns ur e
a c c ur at e   m o d el  p ar a m et er  r e c o v er y.   A c c or di n gl y, t h e   M o nt e   C arl o  si m ul ati o n i n cl u d es  c o n di-
ti o ns  t o  e v al u at e  diff er e nt  t est  d esi g ns  f or  st u di es  of  l e ar ni n g  tr aj e ct ori es,  a n d  t h e  r es ults  c a n
pr o vi d e s o m e g ui d eli n es  o n  h o w t o  d esi g n a n effi ci e nt t est t o  g u ar a nt e e t h e a c c ur a c y  of t h e esti-
m ati o n  of  it e m  p ar a m et ers  a n d  l e ar ni n g  tr a nsiti o n   m atri x.   T h e  r e al  d at a  a p pli c ati o n  d e m o n-
str at es  h o w  t o  us e  t h e  pr o p os e d   m o d el  t o  c a pt ur e  st u d e nts’  l e ar ni n g  tr aj e ct ori es  i n  a  s p ati al
r ot ati o n  e x p eri m e nt   wit h  l e ar ni n g  i nt er v e nti o ns.   T h e  esti m at e d  tr a nsiti o n   m atri x  h as  i m pli c a-
ti o ns  o n  h o w  st u d e nts  l e ar n  t h os e  s kills,  a n d  t his  i nf or m ati o n  c a n  b e  us e d  t o  r efi n e  l e ar ni n g
i nt er v e nti o ns t o i m pr o v e t h e s p e e d at   w hi c h s kills ar e   m ast er e d.

T his  arti cl e i n cl u d es fi v e  s e cti o ns.   T h e ‘‘ E n u m er ati n g   L e ar ni n g   Tr aj e ct ori es’’  s e cti o n i ntr o-
d u c es r e a d ers t o t h e  n oti o n  of l e ar ni n g tr aj e ct ori es   wit hi n t h e   C D M fr a m e w or k.   O n e  c o nsi d er-
ati o n  of  t his  s e cti o n  is  t o  e n u m er at e  t h e  c o m pl e xit y  of  diff er e nt  l e ar ni n g  tr aj e ct ori es   wit h  a n
ai m  of i d e ntif yi n g t h e l e v el  of  g e n er alit y t h at   m a y  b e  p ossi bl e t o c o nsi d er i n r e al  pr o bl e ms.   T h e
‘‘ M o d eli n g   L e ar ni n g   Tr aj e ct ori es’’  s e cti o n  pr es e nts  a   B a y esi a n   m o d el f or m ul ati o n f or  esti m at-
i n g   C D Ms.  I n  p arti c ul ar,  t his  s e cti o n  pr o vi d es  a n  o v er vi e w  of  s e v er al  pri or  distri b uti o ns  f or
m o d eli n g l e ar ni n g tr aj e ct ori es  o v er ti m e.   T h e ‘‘ M o nt e   C arl o  Si m ul ati o n  St u d y’’ s e cti o n r e p orts
r es ults fr o m  a   M o nt e   C arl o  st u d y t h at is  d esi g n e d t o  ass ess  p ar a m et er r e c o v er y  of  a first- or d er
hi d d e n   M ar k o v   m o d el ( F O H M).   T h e ‘‘ A p pli c ati o n t o  S p ati al   R ot ati o n  S kill   A c q uisiti o n’’  s e c-
ti o n  pr es e nts  a n  a p pli c ati o n  of  a  F O H M   m o d el t o  a  s p ati al r ot ati o n  e x p eri m e nt al i nt er v e nti o n.
T h e  ‘‘ Dis c ussi o n’’  s e cti o n  pr o vi d es  c o n cl u di n g  r e m ar ks  a n d  r e c o m m e n d ati o ns  f or  f ut ur e
r es e ar c h.

E n u m e r a ti n g   L e a r ni n g   Tr aj e c t o ri e s

T his  s e cti o n  c o nsi d ers t h e  cir c u mst a n c e   w h er e t h e l at e nt  attri b ut es   m a y  c h a n g e  o v er ti m e.   L et
a i kt b e  o n e  if  i n di vi d u al i (i = 1, . . . , N )  p oss ess es  attri b ut e k (k = 1, 1 . . . , K ) at ti m e t
(t = 1, . . . , T ).   D efi n e  a  tr aj e ct or y  of  attri b ut e  pr ofil es  f or  i n di vi d u al i as a i = ( a i1 , . . . , a i T )

0

w h er e a it = ( a i1 t, . . . , a i Kt)
0 r e pr es e nts  st u d e nt i’s  attri b ut e  pr ofil e  at  ti m e t. L et j = 1, . . . , J t

i n d e x  t h e  n u m b er  of  it e ms  a d mi nist er e d  at  ti m e t a n d  d efi n e  t h e  t ot al  n u m b er  of  it e ms  as
J =

P T
t = 1 J t. L et Q t b e t h e J t3 K Q- m atri x  at ti m e t wit h  z er os  a n d  o n es t h at  d e n ot e t h e s kills

n e e d e d t o c orr e ctl y a ns w er t h e J t it e ms at ti m e t.

L et t h e t ot al s et  of  attri b ut e  v e ct ors  b e A = a : a 2 0, 1f g K , s o t h at a c 2 A d e n ot es  o n e

of t h e  p ossi bl e  2 K attri b ut e  v e ct ors.   D efi n e t h e s et  of  attri b ut e  pr ofil es   wit h k m ast er e d s kills  as

A k = a : a 2 0, 1f g K , ak k 1 = k a n d  n ot e  t h at A = [ K
k = 1 A k .   R e c all  t h at  t h e  c ar di n alit y  of

A k is t h e  n u m b er  of attri b ut e  pr ofil es i n A k a n d is  d e n ot e d  b y A kj j =
K
k

a n d t h e t ot al  n u m-

b er  of attri b ut e  pr ofil es is Aj j =
P K

k = 0

K
k

= 2 K .
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U nr estrict e d L e ar ni n g  Tr aj ect ori es

D efi niti o n  1: I n t h e a bs e n c e  of r estri cti o ns  o n t h e  dis cr et e l at e nt cl ass s p a c e, t h e s et  of l e ar n-
i n g tr aj e ct ori es at ti m e t is r e c ursi v el y  d efi n e d as

A tð Þ = A t 1 3 A = A t: ð1 Þ

N ot e t h e  p ar e nt h es es i n t h e s u p ers cri pt ar e  dr o p p e d a n d A t is  us e d t o  d e n ot e t h e s et  of l e ar n-
i n g tr aj e ct ori es  at ti m e t.   T h e  d efi niti o n i m pli es t h e s et  of  attri b ut e tr aj e ct ori es f or ti m e t = 1 is
A 1ð Þ = A = A 1 .  Si mil arl y,  t h e  s et  of  attri b ut e  tr aj e ct or y  cl ass es  f or  ti m e t = 2  is
A 2ð Þ = A 1 3 A = A 2 .   T h at is,  st u d e nts  c a n t h e or eti c all y  s wit c h fr o m t h e i niti al  st at es i n A 1 t o
a n y attri b ut e cl ass i n A aft er r e c ei vi n g f e e d b a c k a n d/ or i nstr u cti o n.   R ul es c o n c er ni n g   C art esi a n
pr o d u cts i m pl y t h e  c ar di n alit y  of A T is t h e  pr o d u ct  of  s ets is A T = 2 K T ; t h at is, l e ar ni n g tr a-
j e ct ori es  gr o w e x p o n e nti all y   wit h ti m e a n d t h e  n u m b er  of attri b ut es.

E x a m pl e  1: C o nsi d er A T f or K = 2  a n d T = 2. If K = T = 2, A 1 =  0 0, 1 0, 0 1, 1 1f g a n d A 2

i n cl u d es  1 6 l e ar ni n g tr aj e ct ori es:

A 2 = A 1 3 A =
0 0, 0 0ð Þ,  0 0, 1 0ð Þ,  0 0, 0 1ð Þ,  0 0, 1 1ð Þ,  1 0, 0 0ð Þ,  1 0, 1 0ð Þ,  1 0, 0 1ð Þ,  1 0, 1 1ð Þ,
0 1, 0 0ð Þ,  0 1, 1 0ð Þ,  0 1, 0 1ð Þ,  0 1, 1 1ð Þ,  1 1, 0 0ð Þ,  1 1, 1 0ð Þ,  1 1, 0 1ð Þ,  1 1, 1 1ð Þ

:

N o n d ecr e asi n g L e ar ni n g  Tr aj ect ori es

Cl e arl y,  t h e  dis cr et e  l at e nt  s p a c e  gr o ws  e x p o n e nti all y  as t i n cr e as es,  a n d  t h e  s et A t c a n  b e
r estri ct e d t o st u d y a s u bs et  of t h e  2 K T l e ar ni n g tr aj e ct ori es.  F or i nst a n c e, i n e d u c ati o n, a r e as o n-
a bl e  ass u m pti o n is t h at st u d e nts  a c q uir e s kills  o v er ti m e i n  a  n o n d e cr e asi n g f as hi o n.  St at e d  dif-
f er e ntl y, l e ar ni n g  c a n  b e  ass u m e d t o  b e  a n  a bs or bi n g st at e   w h er e   m ast er e d  attri b ut es  c a n n ot  b e
u nl e ar n e d.   T his s u bs e cti o n c o m p ar es t h e s et  of  n o n d e cr e asi n g l e ar ni n g tr aj e ct ori es   wit h A t.

D efi niti o n  2: N o n d e cr e asi n g l e ar ni n g a n d s kill a c q uisiti o n tr aj e ct ori es ar e  d efi n e d as

A t
+ = A t \ a : a ta t 1 , 8 t. 1f g : ð2 Þ

T h at  is, A t
+ is  t h e  s et  of  l e ar ni n g  tr aj e ct ori es t h at  ar e  n o n d e cr e asi n g.  It  is  str ai g htf or w ar d  t o

fi n d t h e  c ar di n alit y  of A t
+ b y  c o u nti n g t h e  n u m b er  of   w a ys  of  pi c ki n g t h e  c h a n g e  p oi nt  (i. e.,

t h e  p oi nt   w h er e a i kt c h a n g es  fr o m  z er o t o  o n e).  F or  a  gi v e n  attri b ut e, t h er e  ar e T p ossi biliti es
f or t h e  c h a n g e  p oi nt if l e ar ni n g  o c c urs  a n d  o n e  p ossi bilit y if t h e  attri b ut e r e m ai ns  a  z er o  o v er
ti m e  f or  a t ot al  of T + 1  o ut c o m es.   C o ns e q u e ntl y, t h e  n u m b er  of  n o n d e cr e asi n g  c h a n g e  p oi nts
f or K attri b ut es is A T

+ = ( T + 1) K .

E x a m pl e 2: R e visiti n g   E x a m pl e  1   wit h K = 2 a n d T = 2, f or K = 2 a n d T = 2, t h er e ar e a t ot al
of  ni n e  n o n d e cr e asi n g  l e ar ni n g  tr aj e ct ori es   wit hi n A 2

+ .   T h e  s et  of  n o n d e cr e asi n g  l e ar ni n g
tr aj e ct ori es, A 2

+ , i n cl u d es t h e f oll o wi n g el e m e nts:

8 A p pli e d Psyc h ol o gic al   M e as ur e m e nt  4 2( 1)



A t
+ =  0 0, 0 0ð Þ,  0 0, 1 0ð Þ,  0 0, 0 1ð Þ,  0 0, 1 1ð Þ,  1 0, 1 0ð Þ,  1 0, 1 1ð Þ,  0 1, 0 1ð Þ,  0 1, 1 1ð Þ,  1 1, 1 1ð Þf g :

A n y   m o d els  of st u d e nt l e ar ni n g tr aj e ct ori es  n e c ess aril y   m ust  pr o p os e a   m a n n er i n   w hi c h st u-
d e nts tr a nsiti o n  b et w e e n  attri b ut e cl ass es  o v er ti m e.   O n e li mit ati o n f or  pr a cti c e is t h at t h e  n u m-
b er  of l e ar ni n g tr aj e ct ori es  gr o ws e x p o n e nti all y   wit h t,   w hi c h i m pli es t h at l ar g er  d at as ets   w o ul d
b e  n e e d e d t o  a c c ur at el y   m o d el t h e s h ar e  of t h e  p o p ul ati o n i n  a n y  gi v e n l e ar ni n g tr aj e ct or y.   T h e
l e ar ni n g  ass u m pti o n si g nifi c a ntl y r e d u c es t h e  n u m b er  of  p ossi bl e l e ar ni n g tr aj e ct ori es.  F or  p ur-
p os e  of  d e m o nstr ati o n,   T a bl e  1 r e p orts t h e  c ar di n alit y  of A T

+ a n d A T f or  diff er e nt  v al u es  of T
a n d K .   T h e  v al u es i n   T a bl e  1 s h o w t h at e v e n f or t h e c as e   w h er e K = 2 a n d T = 6, t h er e ar e  4, 0 9 6
u nr estri ct e d l e ar ni n g tr aj e ct ori es,   w hi c h  c o ul d  p os e  c h all e n g es i n r e al  a p pli c ati o ns. I n  c o ntr ast,
t h e l e ar ni n g  ass u m pti o n  r e d u c es t h e  n u m b er  of l e ar ni n g tr aj e ct ori es  b y  a  f a ct or  of  n e arl y  1 0 0
fr o m  4, 0 9 6  t o  4 9.   A n  i m p ort a nt  o bs er v ati o n  fr o m   T a bl e  1  is  t h at  t h e  n u m b er  of  u nr estri ct e d
l e ar ni n g tr aj e ct ori es  gr o ws  q ui c kl y  e v e n f or  a   m o d est K = 4   wit h  a t ot al  of  2 2 4 p ossi bl e tr aj e c-
t ori es.   Alt h o u g h  t h er e  ar e  r el ati v el y  f e w er  n o n d e cr e asi n g  l e ar ni n g  tr aj e ct ori es,  f or K = 4  a n d
T = 6, r es e ar c h ers   w o ul d  n e e d s u bst a nti al  d at a t o esti m at e  pr o b a biliti es  of   m e m b ers hi p i n  o n e  of
t h e p ossi bl e  2, 4 0 1 cl ass es.

M o d eli n g   L e a r ni n g   Tr aj e c t o ri e s

T his  s e cti o n  dis c uss es  str at e gi es  f or   m o d eli n g  u nr estri ct e d  a n d  n o n d e cr e asi n g  l e ar ni n g  tr aj e c-
t ori es.   L et a 0

l = ( a l1 , . . . , a l T )  b e a l e ar ni n g tr aj e ct or y s u c h t h at a l 2 A T . L et Y ijt d e n ot e t h e r a n-
d o m  v ari a bl e  f or  p ers o n i t o  it e m j at  ti m e t a n d  l et y ijt r e pr es e nt  t h e  o bs er v e d  v al u e.   L et
y 0

i = ( y i1 , . . . , y i T )  d e n ot e  v e ct ors  of  o bs er v ati o ns  o v er  ti m e  of  t h e  r a n d o m  v ari a bl es
Y 0

i = ( Y i1 , . . . , Y i T )   wit h y
0
it = ( y i1 t, . . . , y i Jtt)  a n d Y

0
it = ( Y i1 t, . . . , Y i Jtt).   L et  t h e  c oll e cti o n  of  it e m

p ar a m et ers  o v er ti m e  b e  d e n ot e d  b y z 0 = ( z 1 , . . . z T ) wit h z 0
t = ( z 1 t, . . . , z J tt),  a n d z jt d e n ot es t h e

it e m  p ar a m et ers f or it e m j at ti m e t.
T h e pr o b a bilit y of a c orr e ct r es p o ns e o n it e m j at ti m e t f or a n i n di vi d u al   wit h l e ar ni n g tr aj e c-

t or y l is P (Y ijt = 1 ja it = a lt, z jt).   Ass u mi n g t h at r es p o ns es  ar e i n d e p e n d e nt  gi v e n a i, t h e  pr o b a bil-
it y  of  o bs er vi n g  s u bj e ct i’s  r es p o ns es t o it e ms j = 1, . . . , J t at ti m e t c o n diti o n e d  u p o n a it = a lt

a n d t h e it e m p ar a m et ers z t is

p Y itja lt, z tð Þ =
Y J t

j = 1

P Y ijt = 1 ja it = a lt, z jt
y ijt 1 P Y ijt = 1 ja it = a lt, z jt

1 y ijt : ð3 Þ

Ass u mi n g it e m  r es p o ns es  ar e i n d e p e n d e nt  o v er  ti m e  gi v e n  t h e l e ar ni n g tr aj e ct or y  of  attri b ut e
pr ofil es a n d it e m  p ar a m et ers i m pli es t h at t h e li k eli h o o d f or i n di vi d u al i is

p Y ija l, zð Þ =
Y T

t = 1

p Y itja lt, z tð Þ: ð4 Þ

T h e  p ost eri or  pr o b a bilit y  t h at a i = a l gi v e n  t h e  o bs er v e d  r es p o ns es  a n d it e m  p ar a m et ers is
pr o p orti o n al  t o  t h e  pr o d u ct  of p (Y ija l, z )  a n d p (a l),   w h er e p (a l)  is  t h e  pri or  pr o b a bilit y  t h at
i n di vi d u al i h as l e ar ni n g tr aj e ct or y l.   C ert ai nl y, t h er e ar e   m a n y c h oi c es f or p (a l).   T h e f oll o wi n g
dis c ussi o n  d es cri b es s e v er al   m o d els f or a i t h at  diff er i n t er ms  of  c o m pl e xit y  a n d t h e  n u m b er  of
p ar a m et ers.
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U nstr uct ur e d  Tr aj ect ori es

C o nsi d er t h e  c as e   w h er e i n di vi d u als  c a n  fr e el y   m o v e t hr o u g h  attri b ut e  cl ass es  o v er ti m e  (i. e.,
l osi n g  a n  attri b ut e is  p ossi bl e). I n t his  c as e,  as  n ot e d  a b o v e, t h er e  ar e  2K T p ossi bl e l e ar ni n g tr a-
j e ct ori es a l.   L et p l = P (a i = a l 2 A T )  d e n ot e t h e  str u ct ur al  pr o b a bilit y  of  h a vi n g l e ar ni n g tr a-
j e ct or y l c h ar a ct eri z e d  b y st arti n g at a l1 ,  pr o c e e di n g t hr o u g h a lt f or  1\ t\ T ,  a n d t er mi n ati n g at
a l T .   L et p = ( p 1 , . . . , p 2 K T )0 b e t h e  2 K T v e ct or  of  u nstr u ct ur e d l e ar ni n g tr aj e ct or y  pr ofil es, s o t h e
c at e g ori c al  pri or f or a i is

p a i pjð Þ =
Y2 K T

l = 1

p
I a i = a lð Þ
l : ð5 Þ

T h e  p ost eri or  pr o b a bilit y  t h at  i n di vi d u al i’s  f oll o w e d  l e ar ni n g  tr aj e ct or y a l c o n diti o n e d  u p o n
t h e  d at a, it e m  p ar a m et ers, a n d str u ct ur al  p ar a m et ers i n t h e  u nstr u ct ur e d c as e is

p a ijY i, z , pð Þ} p Y ija l, zð Þ
Y2 K T

l = 1

p
I a i = a lð Þ
l

 !

: ð6 Þ

DI N A  B ay esi a n   m o d el f or m ul ati o n. T h e  pri or f or t h e  g e n er al  u nstr u ct ur e d   m o d el f or l e ar ni n g tr a-
j e ct ori es c a n b e i n cl u d e d as a pri or f or a n y   C D M   B a y esi a n f or m ul ati o n.   C o nsi d er t h e c as e of t h e
DI N A   m o d el f or t h e it e m r es p o ns e f u n cti o n, P (Y ijt = 1 ja it = a lt, z jt).   Als o, l et it e m  p ar a m et ers  b e
i n v ari a nt o v er ti m e (i. e., s jt = s j a n d g jt = g j), a n d s u p p os e   Q is k n o w n.   A   B a y esi a n   m o d el f or esti-
m ati n g t h e g e n er al u nstr u ct ur e d   m o d el f or t h e   DI N A   C D M is

Y ijt a it, s j, g j; B er n o ulli  1 s j
h ijt g

1 h ijt

j , h ijt =
Y K

k = 1

a
q j k

i kt , ð7 Þ

p a ijpð Þ}
Y2 K T

l = 1

p
I a i = a lð Þ
l , 0\ p l\ 1,

X2 K T

l = 1

p l = 1, ð8 Þ

p ; Diri c hl et d 0ð Þ, d 0 = d 0 1 , . . . , d 0, 2 K T , ð 9 Þ

p s j, g j } s a s 1
j 1 s j

b s 1
g

a g 1
j 1 g j

b g 1
I 0 g j\ 1 s j 1 : ð1 0 Þ

E q u ati o n  9 is a c o nj u g at e   Diri c hl et  pri or f or t h e  u nr estri ct e d l e ar ni n g tr aj e ct or y  pr o b a biliti es.

T a bl e  1. C a r di n alit y  of   U n r est ri ct e d a n d   N o n d e c r e asi n g  L e a r ni n g   Tr aj e ct o ri es f o r   Val u es  of K a n d T .

T

A T
+ = ( T + 1 )K A T = 2 K T

K = 1 K = 2 K = 3 K = 4 K = 1 K = 2 K = 3 K = 4

1 2 4 8 1 6 2   4   8   1 6
2  3  9  2 7  8 1  4  1 6  6 4 2 5 6
3  4  1 6  6 4  2 5 6  8  6 4  5 1 2  4, 0 9 6
4  5  2 5  1 2 5  6 2 5  1 6  2 5 6  4, 0 9 6  6 5, 5 3 6
5  6  3 6  2 1 6  1, 2 9 6  3 2  1, 0 2 4  3 2, 7 6 8  1, 0 4 8, 5 7 6
6  7  4 9  3 4 3  2, 4 0 1  6 4  4, 0 9 6  2 6 2, 1 4 4  1 6, 7 7 7, 2 1 6
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N o n d ecr e asi n g L e ar ni n g  Tr aj ect ori es

As  n ot e d a b o v e i n   T a bl e  1,  usi n g t h e  pri or i n   E q u ati o n  6   w o ul d r e q uir e s u bst a nti al  o bs er v ati o ns
f or  e v e n   m o d est T a n d K t o  a c c ur at el y  r e c o v er  p ar a m et ers.   O n e   w a y t o  r e d u c e t h e  c o m p ut a-
ti o n al  b ur d e n i n  e d u c ati o n al  c o nt e xts is t o  ass u m e l e ar ni n g tr aj e ct ori es  ar e  n o n d e cr e asi n g.   As
n ot e d  a b o v e, t h er e  ar e ( T + 1) K p ossi bl e  n o n d e cr e asi n g  attri b ut e tr aj e ct ori es.   O n e str at e g y is t o
s p e cif y t h e  pri or f or a i as c at e g ori c al  o v er t h e ( T + 1) K n o n d e cr e asi n g tr aj e ct ori es,

p a i p +jð Þ =
YT + 1ð Þ K

l = 1

p
I a i = a lð Þ
+ l } I 0 K a i1 a i2 a i T 1 Kð Þ

Y2 K T

l = 1

p
I a i = a lð Þ
l , ð1 1 Þ

w h er e p + l = P (a i = a l 2 A T
+ ) is t h e  pr o b a bilit y  of  b ei n g i n t h e  n o n d e cr e asi n g attri b ut e  pr ofil e l

a n d a i, t 1 a it if a i k, t 1 a i kt f or k = 1, . . . , K .   T h e  p ost eri or  pr o b a bilit y t h at i n di vi d u al i f oll o ws
n o n d e cr e asi n g attri b ut e tr aj e ct or y a l is

p a ijY i, z , p +ð Þ} p Y ija l, zð Þ
YT + 1ð Þ K

l = 1

p
I a i = a lð Þ
+ l

0

@

1

A : ð1 2 Þ

DI N A  B ay esi a n   m o d el f or m ul ati o n. C o nsi d er t h e   DI N A   m o d el it e m r es p o ns e f u n cti o n f or t h e  n o n-
d e cr e asi n g  attri b ut e tr aj e ct ori es   wit h  p ar a m et ers f or it e m j i n v ari a nt  o v er ti m e (i. e., s jt = s j a n d
g jt = g j)  a n d   Q is  k n o w n.   A   B a y esi a n   m o d el f or esti m ati n g t h e  n o n d e cr e asi n g   m o d el is  o bt ai n e d
b y  u p d ati n g t h e  pri or f or a i b y r e pl a ci n g   E q u ati o n  6   wit h  1 1 as,

p a ijpð Þ}
YA

T
+j j

l = 1

p
I a i = a lð Þ
+ l , 0\ p + l\ 1,

XA
T
+j j

l = 1

p + l = 1, ð1 3 Þ

p ; Diri c hl et d 0ð Þ, d 0 = d 0 1 , . . . , d 0, A T
+j j : ð1 4 Þ

F O H M   M o d el

T a bl e  1 s h o ws t h at t h e  c ar di n alit y f or t h e s et  of  u nr estri ct e d  a n d  n o n d e cr e asi n g l e ar ni n g tr aj e c-
t or y  s ets   m a y  b e  t o o  l ar g e  f or  d at as ets  o bs er v e d  i n  t y pi c al  e d u c ati o n al  r es e ar c h  st u di es.   A n
alt er n ati v e is t o  us e  a   m or e  p arsi m o ni o us  a p pr o xi m ati o n t o l ar g er  s ets  of t h e  u nr estri ct e d  a n d
n o n d e cr e asi n g l e ar ni n g tr aj e ct ori es.

O n e a p pr o xi m ati o n as e m pl o y e d i n pri or r es e ar c h ( e. g., s e e   K a y a   &   L eit e, 2 0 1 6, f or a n e x a m-
pl e   wit h t = 2) is t o  c o nsi d er  a  hi d d e n   M ar k o v   m o d el   wit h first- or d er tr a nsiti o n  pr o b a biliti es, Ω .
T h at is, l et p 1 d e n ot e i niti al  cl ass   m e m b ers hi p  pr o b a biliti es  at ti m e t = 1  a n d l et Ω b e  a  2 K 3 2 K

m atri x  of  first- or d er  tr a nsiti o n  pr o b a biliti es  b et w e e n  cl ass es.  S p e cifi c all y,  t h e  el e m e nts  of Ω
d e n ot e t h e c h a n c e of tr a nsiti o ni n g fr o m cl ass c t o c 0 b et w e e n a n y t w o ti m e p eri o ds.   L et el e m e nts
of Ω b e  d e n ot e d  as v c 0jc = p (a it = a c 0 ja i, t 1 = a c ) f or all t.   T h e  pri or f or a i u n d er a n  u nr estri ct e d
F O H M   m o d el f or t 2 is

p a i p 1 , Ωjð Þ = p a i1 p 1jð Þ
Y T

t = 2

p a it a i, t 1 , Ωjð Þ

=
Y

a c 2 A

p
I a i1 = a cð Þ
1 c

 !
Y T

t = 2

Y

a c 0 2 A

v
I a it = a c 0ð Þ
c 0jc

0

@

1

A

I a i, t 1 = a cð Þ

:

ð1 5 Þ
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T h e  u nr estri ct e d  F O H M   m o d el r e q uir es  si g nifi c a ntl y f e w er  p ar a m et ers t o  b e  esti m at e d t h a n
b ot h A T a n d A T

+ .  I n  f a ct, t h er e  ar e  2K + 4 K t ot al  p ar a m et ers  (i. e.,  2K el e m e nts i n p 1 a n d  4 K

el e m e nts i n Ω ).   A  cl e ar  a d v a nt a g e  of t h e  F O H M   m o d el is t h at t h e   m o d el i m p os es  s o m e str u c-
t ur e t o r e d u c e t h e  p ar a m et ers t o  a  s et t h at  c a n  b e   m or e  e asil y r e c o v er e d i n  a p pli e d  e d u c ati o n al
s etti n gs.  F urt h er m or e, t h e  n u m b er  of  p ar a m et ers  f or t h e  F O H M   m o d el  d o es  n ot  gr o w   wit h T .
H o w e v er, it s h o ul d  b e e m p h asi z e d t h at t h e  F O H M   m o d el is a n a p pr o xi m ati o n a n d   m a y  n ot c a p-
t ur e  t h e  tr u e  u n d erl yi n g  n u a n c e  f o u n d  i n  t h e  u nstr u ct ur e d  a n d  n o n d e cr e asi n g  l e ar ni n g  tr aj e c-
t ori es A T a n d A T

+ .
T h e f ull  c o n diti o n al  distri b uti o n f or a it d e p e n ds  u p o n t f or t h e  F O H M   m o d el.  F or  attri b ut e

pr ofil es  at ti m e t s u c h t h at  1\ t\ T , a it is  c o n diti o n e d  u p o n  t h e  a dj a c e nt  attri b ut es a i, t 1 a n d
a i, t + 1 .   A c c or di n gl y, t h e f ull  c o n diti o n al  pr o b a bilit y t h at a it = a lt gi v e n t h at a i, t 1 = a c , t 1 a n d
a i, t + 1 = a c 0, t + 1 is

p a ltjY i, z , Ω , a c , t 1 , a c 0, t + 1ð Þ } p Y ija l, zð Þp a ltja c , t 1 , Ωð Þp a c 0, t + 1 ja lt, Ωð Þ
} p Y itja lt, z tð Þv ljc v c 0jl

, ð1 6 Þ

w h er e v ljc = p (a it = a lja i, t 1 = a c ) a n d v c 0jl = p (a i, t + 1 = a c 0 ja it = a l)  ar e  first- or d er  tr a nsiti o n
pr o b a biliti es.   At ti m e , t h e  c o n diti o n al  pr o b a bilit y t h at a i1 = a l1 gi v e n t h e it e m  r es p o ns es  a n d
p ar a m et ers a n d a i2 = a c 2 is

p a l1 jY i, z , Ω , a c 2ð Þ} p Y i1 ja l1 , z 1ð Þp l v c jl, ð1 7 Þ

w h er e p l = p (a i1 = a l1 ) is t h e b as eli n e  pri or pr o b a bilit y.  Si mil arl y, f or ti m e t = T , t h e c o n diti o n al
pr o b a bilit y t h at a i T = a l T gi v e n Y i, z , a n d a i, T 1 = a c , T 1 is

p a l T jY i, z , Ω , a c , T 1ð Þ } p Y i T ja l T , z Tð Þv ljc : ð1 8 Þ

Gi v e n t h e pri ors p (v c ) a n d p (p 1 ), t h e f ull c o n diti o n al distri b uti o n f or Ω a n d p c a n b e d eri v e d
as f oll o ws:

p Ω , p 1 ja , zð Þ}
Y2 K

l = 1

Y2 K

c = 1

p a t = a c ja t 1 = a l, v lð Þp v c jl
I t. 1ð Þ

p 1, lp p i, lð Þð Þ I t = 1ð Þ

}
Y2 K

l = 1

Y2 K

c = 1

v
~N c jl

c jl p
~N 0, l

1, l p v lð Þp p 1ð Þ

}
Y2 K

l = 1

Y2 K

c = 1

v
~N c jl + d l, c

c jl p
~N 0, l + d 0, l

1, l

: ð1 9 Þ

w h er e ~N c jl is t h e  n u m b er  of s u bj e cts t h at  h a v e  attri b ut e  pr ofil e a l at ti m e t a n d  c h a n g e i nt o a c

at  ti m e t + 1, t = 1, . . . , T 1,  a n d ~N 0, l is  t h e  n u m b er  of  s u bj e cts  t h at  i niti all y  h a v e  attri b ut e
pr ofil e a l.   L et   Diri c hl et  distri b uti o ns  b e t h e  c o nj u g at e  pri ors f or p 1 a n d  e a c h v c , c = 1, . . . , 2K ,
t h at is,

p 1 = p 1, 1 , . . . , p 1, 2 K ; Diri c hl et d 0ð Þ, d 0 = d 0, 1 , . . . , d 0, 2 K , ð2 0 Þ

v c = v 1 jc , . . . , v 2 K jc ; Diri c hl et d cð Þ, d c = d 1 jc , . . . , d 2 K jc , ð2 1 Þ

t h e n  as  s h o w n  i n   E q u ati o n  1 9,  t h e  p ost eri or  f or p 1 will  b e   Diri c hl et( d 0 + ~N 0 ),   w h er e
~N 0 = ( ~N 0, 1 , . . . , ~N 0, 2 K ),  a n d  p ost eri ors  f or v c will  b e   Diri c hl et( d c + ~N c ),   w h er e
~N c = ( ~N 1 jc , . . . , ~N 2 K jc ).
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F O H M   M o d el,   N o n d ecr e asi n g  Attri b ut es

T h e  pr e vi o us  s u bs e cti o n i ntr o d u c e d t h e  u nr estri ct e d  F O H M   m o d el,  a n d t h er e   m a y  b e  s u bst a n-
ti v e  ar e as   w h er e  it  is  r e as o n a bl e  t o  ass u m e  attri b ut es  ar e  n o n d e cr e asi n g  o v er  ti m e.   A  n o n d e-
cr e asi n g  F O H M   m o d el  c a n  als o  b e f or m ul at e d t h at r estri cts tr a nsiti o ns t o  n o n d e cr e asi n g st at es.
S p e cifi c all y, l et Ω + i n cl u d e z er os f or el e m e nts  of Ω t h at c orr es p o n d   wit h l osi n g a n attri b ut e. I n
t his c as e, t h e  pri or f or a i b e c o m es,

p a i p 1 , Ω +jð Þ = p a i1 p 1jð Þ
QT

t = 2

p a it a i, t 1 , Ω +jð Þ

}
Q

a c 2 A

p
I a i1 = a cð Þ
1 c

QT

t = 2

Q

a c 0 a i, t 1

v
I a it = a c 0ð Þ
c 0jc

 ! I a i, t 1 = a cð Þ

:

ð2 2 Þ

T h e  n o n d e cr e asi n g  F O H M i n cl u d es f e w er  p ar a m et ers t o  esti m at e t h a n t h e  u nr estri ct e d  F O H M
m o d el. I n  c as es   w h er e  attri b ut es  c a n n ot  b e  u nl e ar n e d, it is  p ossi bl e t o s h o w t h at Ω + i n cl u d es  a
t ot al  of  3K tr a nsiti o n  pr o b a biliti es.   T h e  r e d u cti o n  i n  p ar a m et ers  b et w e e n  t h e  u nr estri ct e d  a n d
n o n d e cr e asi n g  F O H Ms is  n o ntri vi al.  F or K = 1, 2, 3, 4, Ω f or t h e  u nr estri ct e d  F O H M i n cl u d es  4,
1 6,  6 4,  a n d  2 5 6  el e m e nts, r es p e cti v el y, i n  c o m p aris o n   wit h  3,  9,  2 7,  a n d  8 1 f or Ω + of t h e  n o n-
d e cr e asi n g  F O H M.

T h e  f ull  c o n diti o n al  distri b uti o ns  f or a it u n d er  t h e  n o n d e cr e asi n g  F O H M   m o d el  h a v e  t h e
s a m e f or m as   E q u ati o n  1 6 t hr o u g h  1 8 f or t h e  u nr estri ct e d  F O H M   m o d el.   T h e  o nl y   m o difi c ati o n
is t o r e c o g ni z e t h at s o m e  of t h e tr a nsiti o n  pr o b a biliti es ar e z er o.

Hi g h er   Or d er F O H M   M o d el

A  p arsi m o ni o us  alt er n ati v e is t o   m o d el tr a nsiti o n  pr o b a biliti es f or  e a c h  attri b ut e  a n d i ntr o d u c e
d e p e n d e n c e i n tr a nsiti o n b y c o n diti o ni n g o n a hi g h er or d er f a ct or, u .   A n ot h er v ersi o n of a hi g h er
or d er  F O H M   m o d el s p e cifi es  a  pri or f or  e a c h a i kt c o n diti o n al  o n  a  hi g h er  or d er l e ar ni n g tr ait u
f or t h e pr o b a bilit y  of tr a nsiti o ni n g a n d r et ai ni n g a n attri b ut e,

v 1 j0, i k = p a i kt = 1 ja i k, t 1 = 0, u i, g 0ð Þ, ð2 3 Þ

v 1 j1, i k = p a i kt = 1 ja i k, t 1 = 1, u i, g 1ð Þ, ð2 4 Þ

w h er e g 0 a n d g 1 ar e  p ossi bl y  v e ct ors  of  p ar a m et ers  us e d t o   m o d el t h e tr a nsiti o n  pr o b a biliti es as
a f u n cti o n  of u . It is i m p ort a nt t o r e c o g ni z e t h e r ol e  of u i n t h e  hi g h er  or d er  F O H M   m o d el.   T h e
hi g h er  or d er  f a ct or  c a pt ur es  i n di vi d u al  diff er e n c es  i n  l e ar ni n g  r at es  a n d  is  i n cl u d e d  t o   m o d el
d e p e n d e n c e a m o n g tr a nsiti o ns i n attri b ut es  o v er ti m e.

O n e  o pti o n  f or   m o d eli n g  t h e  tr a nsiti o n  pr o b a biliti es  f or  attri b ut e k is  t o,  f or  e x a m pl e,  s et
v 1 j0, i k = C (g 0 0 k + g 0 1 k u i),   w h er e C ð Þ is  a  c u m ul ati v e  distri b uti o n f u n cti o n. I n f a ct,   W a n g  et  al.
( 2 0 1 6)  pr o vi d e d a n e x a m pl e  of s etti n g C as a l o gisti c f u n cti o n.

T h e  distri b uti o n  of a i kt,  gi v e n a i kt, t 1 , u , a n d t h e tr a nsiti o n   m o d el  p ar a m et ers, is

p a i ktja i k, t 1 , u i, g 0 , g 1ð Þ = v a i kt

1 j1, i k 1 v 1 j1, i k
1 a i kt

a i k, t 1

v a i kt

1 j0, i k 1 v 1 j0, i k
1 a i kt

1 a i k, t 1

:

ð2 5 Þ

If attri b ut e tr a nsiti o ns ar e i n d e p e n d e nt  gi v e n u , t h e pri or pr o b a bilit y f or a i c o n diti o n e d u p o n i ni-
ti al cl ass   m e m b ers hi p p 1 a n d tr a nsiti o n p ar a m et ers g 0 a n d g 1 is
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p a i p 1 , g 0 , g 1jð Þ =
Y

a c 2 A

p
I a i1 = a cð Þ
1 c

ð Y T

t = 2

Y K

k = 1

p a i ktja i k, t 1 , u ið Þ

 !

p u ið Þd u i, ð2 6 Þ

w h er e p (u i) is a  pri or  distri b uti o n f or u .
T h e  af or e m e nti o n e d  dis c ussi o n  of t h e  hi g h er  or d er  F O H M   m o d el  all o ws  f or i n di vi d u als t o

l os e  attri b ut es   w h e n tr a nsiti o n fr o m  o n ti m e t o t h e  n e xt.   T h e l e ar ni n g  ass u m pti o n  c a n  e asil y  b e
e nf or c e d  b y s etti n g v 1 j1, i k = 1 a n d a i kta i k, t 1 f or all k a n d t.

M o n t e   C a rl o   Si m ul a ti o n   S t u d y

Ov ervi e w

T his  s e cti o n  r e p orts   M o nt e   C arl o  si m ul ati o n  st u di es  e v al u ati n g  t h e  r e c o v er y  of  t h e  tr a nsiti o n
m atri x  a n d it e m  p ar a m et ers  b as e d  o n t h e  F O H M   m o d el f or  n o n d e cr e asi n g l e ar ni n g tr aj e ct ori es.
T h e   m o d el  b y  c o nsi d eri n g K = 4  attri b ut es, T = 5  ti m e  p oi nts,  a n d J = 5 0  it e ms   wit h  sli p pi n g
p ar a m et ers e q u al t o  0. 2 a n d  g u essi n g  p ar a m et ers e q u al t o  0. 3 is ill ust at e d.   T h e tr a nsiti o n   m atri x
is s et t o  b e t h e s a m e  as t h e  esti m at e d tr a nsiti o n  pr o b a biliti es fr o m t h e r e al  d at a  of t h e  n e xt s e c-
ti o n (s e e   T a bl e  6). I n t his si m ul at e d t est,  5 0 it e ms ar e assi g n e d i nt o fi v e  bl o c ks   wit h  1 0 it e ms i n
e a c h  bl o c k,  a n d t h e   Q- m atri x i n  e a c h  bl o c k is  c o m pl et e ( C hi u,   D o u gl as,   &   Li,  2 0 0 9) f or   m o d el
i d e ntifi c ati o n  p ur p os es.   W a n g et al. ( 2 0 1 6) c o nj e ct ur e d t h at t h e it e m  p ositi o ns   m a y c a us e bi as e d
it e m  p ar a m et er  esti m ati o n  b e c a us e t h e st u d e nts’ l at e nt  attri b ut e  pr ofil es  ar e  ass u m e d t o  c h a n g e
wit h ti m e   w hil e t h e   DI N A   m o d el  p ar a m et ers  ar e st ati c. I n t his  c as e, t h e it e ms i n t h e l at er st a g e
of t h e t est   m a y  n ot r e c ei v e t h e s uffi ci e nt  e x p os ur e t o  diff er e nt l at e nt  cl ass es, c a usi n g a n i n a c c u-
r at e esti m ati o n f or t h e c orr es p o n di n g   m o d el p ar a m et ers.   T o i n v esti g at e   w h et h er t h er e is a n or d er
eff e ct  of t h e it e m  p ositi o ns t o   m o d el  p ar a m et er esti m ati o n, t w o t est  d esi g ns  ar e c o nsi d er e d.   T h e
first   mi mi c k e d  t h e  e x p eri m e nt al  d esi g n  i n   W a n g  et  al.  ( 2 0 1 6)   w h er e  t h e  bl o c ks  of  it e ms  ar e
c o u nt er b al a n c e d  all o wi n g  e a c h  it e m  t o  b e  p ositi o n e d  t hr o u g h o ut  all  t est  st a g es  t o  g u ar a nt e e
it e ms   will  b e  e x p os e d  e v e nl y  at  diff er e nt ti m e  p oi nts,  a n d it is r ef err e d  as  a ‘‘ b al a n c e d’’  d esi g n
fr o m  n o w  o n.   T h e  s e c o n d   w as  a n  u n b al a n c e d  d esi g n   w h er e  e a c h  e x a mi n e e  r e c ei v es t h e  s a m e
or d er of bl o c ks d uri n g t h e t est.  F or e a c h t est  d esi g n, t hr e e l e v els of s a m pl e si z es N =  5 0 0;  2, 5 0 0;
5, 0 0 0   w er e c o nsi d er e d, a n d f or e a c h l e v el,  5 0 i n d e p e n d e nt  d at as ets   w er e  g e n er at e d t o ass ess t h e
p erf or m a n c e.   A   M ar k o v  c h ai n  of  2 0, 0 0 0 it er ati o ns   wit h  a  b ur n-i n  of  1 0, 0 0 0 it er ati o ns is  us e d
a n d t h e  c o n v er g e n c e  of   Gi b bs  s a m pl ers  usi n g t h e   m ulti v ari at e  p ot e nti al  s c al e  r e d u cti o n  f a ct or
( M P S R F) R̂ ( Br o o ks   &   G el m a n,  1 9 9 8) f or  c h ai n l e n gt h  of  1 0, 0 0 0 is  e v al u at e d.   E x a mi n e es’ i ni-
ti al  attri b ut e  pr ofil es   w er e  si m ul at e d  fr o m  t h e   m ulti v ari at e  n or m al  t hr es h ol d   m o d el  ( e. g.,  s e e
C hi u  et  al.,  2 0 0 9),  a n d  b ot h i n d e p e n d e nt  str u ct ur e  a n d  d e p e n d e nt  str u ct ur e   wit h r = 0 :5  of t h e
i niti al attri b ut es ar e c o nsi d er e d i n t h e si m ul ati o n.   T h e tr u e distri b uti o n of i niti al attri b ut e pr ofil es
is s h o w n i n   T a bl e 2.

R es ults

P ar a m et er  c o n v er g e n c e   w as  e v al u at e d  usi n g  t h e   M P S R F  b as e d  o n  fi v e  i n d e p e n d e nt   M ar k o v
c h ai ns  of  l e n gt h  1 0, 0 0 0  st arti n g  fr o m  r a n d o m  i niti al  v al u es.   T h e  r es ults  s u g g est  t h e   M ar k o v
c h ai n  c o n v er g es t o t h e  p ost eri or  distri b uti o n  aft er  4, 0 0 0 it er ati o ns,   w hi c h i n di c at es t h at  a  c h ai n
l e n gt h  of  2 0, 0 0 0 it er ati o ns   wit h a  b ur n-i n  of  1 0, 0 0 0 is r e as o n a bl e f or t his si m ul ati o n st u d y.

Fi g ur es  1  a n d  2  s h o w  t h at  t his   m et h o d  c a n  a c c ur at el y  esti m at e  t h e  sli p pi n g  a n d  g u essi n g
p ar a m et ers.   W h e n  t h e  s a m pl e  si z e  is  s m all,  r es ults  usi n g  t h e  b al a n c e d  d esi g n  o ut p erf or m  t h e
r es ults  u n d er t h e  u n b al a n c e d  d esi g n, a n d t h e  diff er e n c e  b et w e e n t h e t w o t est  d esi g ns  di mi nis h es
as  s a m pl e  si z e  gr o ws.  Fi g ur e  3  pr es e nts  t h e  d e vi a n c e  of  esti m at e d  pr o b a biliti es  f or  i niti al
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attri b ut e  cl ass es.   T h e  bi as  b e c o m es  s m all er  as  t h e  s a m pl e  si z e  gr o ws,  a n d  r es ults  fr o m  t h e
b al a n c e d  d esi g n  t e n d  t o  h a v e  s m all er  bi as  t h a n  t h e  u n b al a n c e d  d esi g n.  Fi g ur e  4  pr es e nts  t h e
d e vi a n c e  of  esti m at e d tr a nsiti o n  pr o b a biliti es.   T h er e  ar e  8 1 tr a nsiti o n  pr o b a biliti es  a n d t h e l ast
o n e is  al w a ys  1  b e c a us e  of t h e  n o n d e cr e asi n g  c o nstr ai nt.   A g ai n, t h e  a c c ur a c y  of t h e  esti m at e d
tr a nsiti o n  pr o b a biliti es i m pr o v es   wit h t h e i n cr e as e  of t h e s a m pl e si z e. I n s u m m ar y, t h e si m ul a-
ti o n  r es ults  i n di c at e  it  is  b ett er  t o  us e  t h e  c o u nt er b al a n c e d  d esi g n  f or  r el ati v el y  s m all  s a m pl e
si z es t o e ns ur e a c c ur at e r e c o v er y  of t h e   m o d el  p ar a m et ers.

Fi g u r e  1. Esti m at e d sli p pi n g  p a r a m et e rs f o r  diff e r e nt s etti n gs.
N ot e. R es ults a r e  b as e d  o n  5 0 r e pli c ati o ns.

T a bl e  2. Tr u e   Dist ri b uti o n  of I niti al   Att ri b ut e  P r ofil es.

a c 0 0 0 0  0 0 0 1  0 0 1 0  0 0 1 1  0 1 0 0  0 1 0 1  0 1 1 0  0 1 1 1
r = 0  0. 0 3 8  0. 0 1 0  0. 0 2 6  0. 0 0 6  0. 0 5 8  0. 0 1 4  0. 0 3 8  0. 0 1 0
r = 0 :5  0. 1 2 2  0. 0 0 2  0. 0 1 2  0. 0 0 1  0. 0 4 4  0. 0 0 3  0. 0 1 3  0. 0 0 2
a c 1 0 0 0  1 0 0 1  1 0 1 0  1 0 1 1  1 1 0 0  1 1 0 1  1 1 1 0  1 1 1 1
r = 0  0. 1 5 4  0. 0 3 8  0. 1 0 2  0. 0 2 6  0. 2 3 0  0. 0 5 8  0. 1 5 4  0. 0 3 8
r = 0 :5  0. 1 7 8  0. 0 1 3  0. 0 5 8  0. 0 1 2  0. 1 9 4  0. 0 4 4  0. 1 7 9  0. 1 2 2
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A p pli c a ti o n t o   S p a ti al   R o t a ti o n   S kill   A c q ui si ti o n

I n t his s e cti o n, t h e  F O H M   m o d el   wit h  n o n d e cr e asi n g  attri b ut es  ass u m pti o n is  a p pli e d t o   m o d el
st u d e nts’ l e ar ni n g  of s p ati al s kills.   T h e s p ati al r e as o ni n g  q u esti o ns   w er e  d e v el o p e d  b as e d  o n t h e
R e vis e d  P ur d u e  S p ati al   Vis u ali z ati o n   T est ( P S V T- R;   Y o o n,  2 0 1 1).   W a n g et al. ( 2 0 1 6) e xt e n d e d
t his  t est  t o  i n c or p or at e  a  tr ai ni n g  t o ol   w hi c h  is  d esi g n e d  t o  c a us e  l e ar ni n g  of  r ot ati o n  t as ks.
S p e cifi c all y,  p arti ci p a nts first  a ns w er e d t h e  q u esti o ns i n  a t est  bl o c k t h e n  pr o c e e d e d t o  a l e ar n-
i n g  bl o c k i n   w hi c h t h e y  c a n r e c ei v e f e e d b a c k  o n t h eir r es p o ns es i n t h e  pr e vi o us t est  bl o c k  a n d
l e ar n  t h e  c orr es p o n di n g  s p ati al  r ot ati o n  t as ks  t hr o u g h  a  l e ar ni n g  i nt er v e nti o n.   T h e   w h ol e  t est
c o nsist e d  of fi v e t est  bl o c ks  e a c h  c o nt ai ni n g  1 0  q u esti o ns, f oll o w e d  b y  a l e ar ni n g i nt er v e nti o n
bl o c k.   T h e it e ms i n t h e t est  bl o c k i n cl u d e d  a r ot at e d  o bj e ct,  a n d s u bj e cts   w er e  pr es e nt e d  a  n e w
o bj e ct  a n d   m ust  d et er mi n e   w hi c h  of t h e fi v e  o pti o ns  c orr es p o n d e d t o t h e r ot at e d  v ersi o n.  F o ur
m e nt al r ot ati o n s kills   w er e i d e ntifi e d: ( a)  9 0 8 x a xis, ( b)  9 0 8 y a xis, ( c)  1 8 0 8 x a xis, a n d ( d)  1 8 0 8
y a xis.   All  it e ms  i n cl u d e d x a n d y a xis  r ot ati o ns   wit h  o bj e cts  of  v ar yi n g  c o m pl e xit y.   T h e  1 0
q u esti o ns   w er e  ass e m bl e d   wit h  si mil ar  str u ct ur es  b ut   w er e  diff er e nt  f or  e a c h  bl o c k.   T o  eli mi-
n at e t h e  or d er  eff e ct  o n t h e  esti m ati o n  of t h e it e m  p ar a m et ers,  a  c o u nt er b al a n c e d t est  c o n diti o n
w as  a p pli e d.  Fi v e  v ersi o ns  of  t est   w er e  d e v el o p e d  b y  r ot ati n g t h e  fi v e  t est  bl o c ks  as  t h e  first
bl o c k i n t h e   w h ol e t est  pr o c ess.   D uri n g t h e e x p eri m e nt, t h os e fi v e t ests   w er e r a n d o ml y assi g n e d
t o  p arti ci p a nts t o  g u ar a nt e e t h at  diff er e nt t est  bl o c ks  c a n  h a v e  a n  e q u al  c h a n c e t o  b e t h e  first

Fi g u r e  2. Esti m at e d g u essi n g  p a r a m et e rs f o r  diff e r e nt s etti n gs.
N ot e. R es ults a r e  b as e d  o n  5 0 r e pli c ati o ns.
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Fi g u r e  3. D e vi a n c e  of  esti m at e d  p ri o r f o r i niti al att ri b ut e  p r ofil e cl ass  p r o b a biliti es.

Fi g u r e  4. Esti m at e d t r a nsiti o n  p r o b a biliti es.
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bl o c k  a m o n g  t h e  p arti ci p a nts.   T h e  d et ail e d  e x p eri m e nt  d esi g n  c a n  b e  r ef err e d  t o   W a n g  et  al.
( 2 0 1 6).

R es p o ns es fr o m  3 5 1 i n di vi d u als t o t h os e  5 0  q u esti o ns   w er e  c oll e ct e d fr o m t his  e x p eri m e nt,
a n d t h e  F O H M   m o d el   wit h n o n d e cr e asi n g attri b ut es ass u m pti o n a n d   DI N A   B a y esi a n   M o d el f or-
m ul ati o n   w as  a p pli e d t o  esti m at e st u d e nts’ l e ar ni n g tr aj e ct ori es.   T h e fi v e t est  bl o c ks i n t h e t est
r e pr es e nt e d fi v e  diff er e nt ti m e  p oi nts.   B as e d  o n  pr e vi o us si m ul ati o n r es ults, t h e c h ai n  of  3 0, 0 0 0
it er ati o ns   wit h a  b ur n-i n  of  1 5, 0 0 0 is  us e d t o e ns ur e t h e c o n v er g e n c e  of t h e   M ar k o v c h ai n.

T a bl e  3  d o c u m e nts t h e  esti m at es  of t h e   DI N A it e m  p ar a m et ers.   T h e r es ults  ar e  q uit e  c o nsis-
t e nt   wit h t h e esti m at es fr o m   W a n g et al. ( 2 0 1 6).   T h at is,   m ost  of t h e it e ms  h a v e r el ati v el y l ar g e
g u essi n g p ar a m et ers.   T his r es ult   mi g ht b e d u e t o t h e si m pl e s h a p es f or s o m e it e ms a n d t h e   m a n y
distr a ct ors  t h at  c a n  b e  e asil y  eli mi n at e d  fr o m  c o nsi d er ati o n.  St u d e nts’  l e ar ni n g  tr aj e ct ori es  i n
t er ms  of t h e  esti m at e d   m ast er y r at e f or  e a c h  of t h e f o ur s kills  o v er ti m e, t h e fr e q u e n ci es  of t h e
n u m b er  of   m ast er e d  s kills  at  e a c h ti m e  p oi nt,  a n d t h e tr a nsiti o n   m atri x  ar e  s u m m ari z e d,   w hi c h
ar e  pr es e nt e d i n   T a bl es  4 t o  6, r es p e cti v el y.  Fr o m t h os e r es ults, a n i n cr e as e  of   m ast er y r at es f or
e a c h  s kill   wit h ti m e  a n d t h e tr a nsiti o n  p att er n  of  diff er e nt l at e nt  cl ass es  at  e a c h ti m e  p oi nt  ar e
o bs er v e d.

T h e tr a nsiti o n  pr o b a bilit y   m atri x  e x pli citl y  gi v es t h e  pr o b a biliti es  of r e m ai ni n g i n t h e  s a m e
st a g e  or l e ar ni n g   m or e  s kills fr o m ti m e t t o t + 1,   w hi c h r e v e als t h e l e ar ni n g  p att er n  of  c urr e nt
m ast er e d s kills.   T h e l e ar ni n g  pr o c ess c a n  b e i nf err e d  b y i nt er pr eti n g t h e e ntri es i n t h e esti m at e d
tr a nsiti o n   m atri x.  F or  e x a m pl e, i n   T a bl e  6, t h e  ni nt h r o w  of t h e  esti m at e d tr a nsiti o n   m atri x  pr e-
s e nts t h e tr a nsiti o n  pr o b a bilit y  f or  c urr e nt  st at e  of  attri b ut e  pr ofil e  ( 1, 0, 0, 0) t o  a n ot h er l at e nt
cl ass. It i n di c at es t h at if  a  st u d e nt  h as   m ast er e d  a  si n gl e  s kill  o n  9 0 8 x a xis,  h e  or  s h e t e n ds t o
m ast er   m or e  s kills  n e xt ti m e   wit h  pr o b a bilit y  ar o u n d  0. 8 7,  a n d t h e   m ost li k el y s kill t o  b e   m as-
t er e d  n e xt is  9 08 y a xis  or  1 8 0 8 x a xis.   O n t h e  c o ntr ar y, t h e fift h r o w s h o ws t h e tr a nsiti o n  pr o b-
a bilit y f or c urr e nt st at e  of a c q uisiti o n  o n t h e si n gl e s kill  of  9 0 8 y a xis.   T h e c h a n c e f or   m ast eri n g
m or e s kills  n e xt ti m e is  ar o u n d  0. 6 7,   w hi c h is l o w er  c o m p ar e d   wit h   m ast er y  of  9 0 8 x a xis,  a n d
t h e  n e xt   m ast er e d s kill   wit h t his  c urr e nt l at e nt st at e   will   m ost li k el y t o  b e  1 8 08 y a xis.   T h e s e c-
o n d  a n d t hir d r o ws  als o i m pl y t h at  st u d e nts   w h o  h a v e   m ast er e d  s kills  o n  1 8 0 8 x a xis  or y a xis
will   m ost li k el y   m ast er 9 0 8 x a xis or y a xis n e xt ti m e.   T his i n f a ct als o i n di c at es c ert ai n hi er ar c h-
i c al str u ct ur e a m o n g t h os e f o ur l at e nt s kills,   m ast eri n g t h e  9 08 mi g ht  b e  pr er e q uisit e f or   m ast er-
i n g 1 8 08.

T h e  distri b uti o n  of t h e i niti al l at e nt cl ass es at   Ti m e  P oi nt  1 i n t h e tr a nsiti o n   m atri x is sli g htl y
diff er e nt  fr o m  t h os e  esti m at e d  fr o m   W a n g  et  al.  ( 2 0 1 6).   T his   mi g ht  b e  d u e  t o  t h e  diff er e nt
ass u m pti o ns  a p pli e d t o t h e tr a nsiti o n   m atri x.   T h e  F O H M   m o d el  ass u m es t h e ti m e- h o m o g e n eit y
of  t h e  tr a nsiti o n   m atri x,  t h at  is,  t h e  tr a nsiti o n  pr o b a biliti es  of  diff er e nt  l at e nt  cl ass es  ar e  t h e
s a m e  at  diff er e nt  p oi nts  of ti m e,  a n d  ar e t h e s a m e f or  e a c h i n di vi d u al.   H o w e v er, t h e tr a nsiti o n
pr o b a biliti es i n   W a n g  et  al. ( 2 0 1 6)  d e p e n d  o n  diff er e nt  c o v ari at es,   w hi c h  c o ul d   m a k e it  diff er-
e nt  f or  diff er e nt i n di vi d u als  a n d  at  diff er e nt  p oi nts  of  ti m e.  I n  t his  s e ns e,  F O H M   m o d el   wit h
n o n d e cr e asi n g  l e ar ni n g  tr aj e ct ori es  ass u m pti o n  is  a  r e d u c e d   m o d el  fr o m   W a n g  et  al.  ( 2 0 1 6),
a n d it is   w ort h i n v esti g ati n g t h e   m o d el  c o m p aris o n i n t h e f ut ur e t o  s el e ct t h e   m ost  a p pr o pri at e
m o d el f or a  gi v e n  d at a s et.

Di s c u s si o n

O nli n e  e d u c ati o n is  b e c o mi n g  u bi q uit o us,  a n d   w h e n  c o u pl e d   wit h i nt elli g e nt t ut ori n g  s yst e ms
a n d s e q u e n c e d tr ai ni n g   m o d ul es, it  pr o vi d es a n  o p p ort u nit y t o s yst e m ati c all y tr ai n s u bj e cts  o n a
l o n g list  of  pr es p e cifi e d  attri b ut es   w hil e  k e e pi n g  c ar ef ul tr a c k  of  pr o gr ess.   T his is  a n i d e al  s et-
ti n g  f or  utili zi n g  l at e nt  cl ass   m o d els  f or  c o g niti v e  di a g n osis.   H o w e v er,  t h e  st ati c   m o d els  t h at
h a v e t y pi c all y b e e n c o nsi d er e d ar e n ot a d e q u at e   w h e n tr ai ni n g a n d l e ar ni n g ar e t h e g o als,   w hi c h

1 8 A p pli e d Psyc h ol o gic al   M e as ur e m e nt  4 2( 1)



T a bl e  3. It e m  P a r a m et e r  Esti m at es f o r S p ati al   R ot ati o n   D at a.

It e m

P a r a m et e rs

ŝj ĝ j

1 0. 0 2 3 0. 8 1 1
2 0. 0 3 7 0. 7 4 9
3 0. 1 0 9 0. 5 6 2
4 0. 0 2 7 0. 6 1 8
5 0. 1 3 6 0. 4 8 7
6 0. 5 1 9 0. 2 2 9
7 0. 0 5 8 0. 6 0 1
8 0. 1 5 9 0. 4 2 5
9 0. 0 1 7 0. 8 4 8
1 0 0. 1 4 0 0. 5 7 8
1 1 0. 0 5 4 0. 6 2 0
1 2 0. 0 5 6 0. 7 5 4
1 3 0. 0 2 7 0. 5 2 7
1 4 0. 0 4 0 0. 8 1 9
1 5 0. 1 8 1 0. 3 1 5
1 6 0. 1 2 2 0. 5 4 7
1 7 0. 1 1 2 0. 3 2 4
1 8 0. 0 5 6 0. 6 3 9
1 9 0. 1 5 5 0. 3 2 5
2 0 0. 1 3 2 0. 3 7 0
2 1 0. 0 5 9 0. 6 4 5
2 2 0. 0 6 3 0. 5 3 3
2 3 0. 1 1 5 0. 4 4 6
2 4 0. 1 1 7 0. 4 3 3
2 5 0. 0 1 8 0. 8 0 5
2 6 0. 1 7 4 0. 3 2 3
2 7 0. 1 7 6 0. 5 5 3
2 8 0. 0 1 8 0. 8 8 3
2 9 0. 0 4 1 0. 7 9 4
3 0 0. 2 5 9 0. 3 5 7
3 1 0. 0 9 8 0. 4 6 1
3 2 0. 0 3 1 0. 5 2 2
3 3 0. 0 2 7 0. 7 2 3
3 4 0. 1 5 1 0. 6 1 3
3 5 0. 1 2 3 0. 3 8 4
3 6 0. 1 4 1 0. 3 2 0
3 7 0. 3 7 9 0. 3 2 7
3 8 0. 0 5 6 0. 7 5 1
3 9 0. 1 6 5 0. 3 4 5
4 0 0. 1 3 5 0. 5 0 0
4 1 0. 0 5 5 0. 5 6 9
4 2 0. 1 1 0 0. 4 6 8
4 3 0. 0 5 6 0. 7 8 5
4 4 0. 0 2 7 0. 6 5 9
4 5 0. 1 2 3 0. 4 6 1
4 6 0. 0 5 9 0. 4 6 8
4 7 0. 2 3 0 0. 2 8 7
4 8 0. 4 4 7 0. 3 0 1
4 9 0. 0 1 8 0. 7 2 7
5 0 0. 0 6 9 0. 4 7 9

N ot e .   R es ults a r e  b as e d  o n t h e c h ai n  of l e n gt h  3 0, 0 0 0 a n d  b u r n-i n  1 5, 0 0 0.
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s u g g ests t h at l at e nt  cl ass   m o d els f or l e ar ni n g i n  c o g niti v e  di a g n osis   will  b e  a fr uitf ul  a n d f ertil e
ar e a f or r es e ar c h  a n d  a p pli c ati o ns.   H er e, s o m e  of t h e  p ossi biliti es f or   m o d eli n g l e ar ni n g tr aj e c-
t ori es  i n  c o g niti v e  di a g n osis,  st arti n g   wit h  t h e   m ost  g e n er al   m o d el   wit h  2K T p ar a m et ers,  a n d
t h e n  a   m or e  p arsi m o ni o us   m o d el  f or  n o n d e cr e asi n g tr aj e ct ori es   wit h  (T + 1) K p ar a m et ers,  ar e
l ai d  o ut. I n   m ost a p pli c ati o ns, t his   will  b e t o o   m a n y t o  c ali br at e,  a n d t h e  a ut h ors f urt h er r estri ct
t h e   m o d el t o  arri v e  at t h e  F O H M   m o d el,   wit h  3K p ar a m et ers t o  esti m at e i n t h e  c as e  of  n o n d e-
cr e asi n g tr aj e ct ori es.   T his   m o d el is  q uit e fl e xi bl e, a n d is  pr a cti c al   w h e n l ar g e s a m pl es ar e a v ail-
a bl e,   w h e n K is r el ati v el y  s m all,  or   w h e n  a l o n g list  of  attri b ut es  c a n  b e  p artiti o n e d i nt o  s m all
s u b gr o u ps  of  attri b ut es  t h at  ar e  st u di e d  t o g et h er  a n d  c a n  b e   m o d el e d  s e p ar at el y   wit h  disti n ct
F O H Ms.   T o f urt h er r e d u c e t h e  p ar a m et ers  of tr a nsiti o n   m o d els f or l e ar ni n g,  c o v ari at es   m a y  b e
us e d,  a n d  t his  is  a   wi d e- o p e n  ar e a  f or  f ut ur e  r es e ar c h.   C o v ari at es   m a y  i n v ol v e  d e m o gr a p hi c
v ari a bl es,   m e as ur es  of t h e a m o u nt  of  pr a cti c e  o n e  h as  d o n e,  d u m m y  v ari a bl es f or i nt er v e nti o ns,
a n d   m a n y ot h er pr e di ct ors of l e ar ni n g.   T o a d dr ess t h e h et er o g e n eit y of l e ar ni n g r at es a cr oss s u b-
j e cts i n a  p o p ul ati o n, c o nti n u o us r a n d o m eff e cts   m a y  b e  us e d,   w hi c h c a n  b e i nt er pr et e d as l at e nt
v ari a bl es r e pr es e nti n g t h e c o nstr u ct  of  g e n er al l e ar ni n g a bilit y as st u di e d  b y   W a n g et al. ( 2 0 1 6).
M e as uri n g  s u c h  a  c o nstr u ct   m a y  b e  of i ntri nsi c i nt er est,  b e y o n d  si m pl y  s er vi n g t o  a d dr ess t h e
h et er o g e n eit y.

T h e  dir e cti o ns f or e xt e n di n g st ati c   C D Ms t o i n cl u d e t h e  d y n a mi cs  of l e ar ni n g ar e  n u m er o us,
b ut s h o ul d n ot o utr a c e t h e e m piri c al  d at a  o n l e ar ni n g  b y   m u c h.   T h er e is a  n e e d f or   m or e a p pli e d
r es e ar c h  t o  g at h er  d at a  a p pli c a bl e  t o  l e ar ni n g  r es e ar c h,   w hi c h   will  aff or d  t h e  o p p ort u nit y  t o
i n v esti g at e t h e  p arti c ul ar   m o d els  a n d  c o v ari at es f or l e ar ni n g t h at  pr o vi d e t h e  b est fits  a n d  yi el d
t h e   m ost  a c c ur at e  a n d  us ef ul  pr e di cti o ns.   T h e  s p ati al r e as o ni n g  e x a m pl e i n t h e r e al  d at a  st u d y
w as  g at h er e d  c ar ef ull y  i n  a  l a b or at or y  a c c or di n g  t o  a  d esi g n e d  st u d y,  a n d  ill ustr at es  h o w  a
m o d el  s u c h  as t h e  F O H M   m o d el  c a n  b e  us e d i n  pr a cti c e.   T h e  a c c ur a c y  of l e ar ni n g tr a nsiti o n
pr o b a bilit y  esti m at es   w as  li mit e d  b y  t h e   m o d est  s a m pl e  si z e.   H o w e v er,  t h e   M ar k o v   C h ai n
M o nt e   C arl o  ( M C M C)  al g orit h m  r a n  effi ci e ntl y   wit h t h es e  d at a  a n d i n di c at e d  c o n v er g e n c e t o
t h e  p ost eri or  distri b uti o n  of  t h e  p ar a m et ers.   T h e   m o d el  c o m pl e xit y  of  t h e  F O H M   m o d el  is

T a bl e  5. N u m b e r  of S kill   M ast e r y   O v e r   Ti m e.

N u m b e r  of s kills   Ti m e  P oi nt  1   Ti m e  P oi nt  2   Ti m e  P oi nt  3   Ti m e  P oi nt  4   Ti m e  P oi nt  5

0 1 2 1 9 9 9 3 8 1 7 0
1  3 7 2 8 2 3 2 3 2 3
2  3 3 4 1 3 6 3 2 2 6
3  1 3 2 0 2 5 2 6 2 7
4 1 4 7 1 6 3 1 7 4 1 8 9 2 0 5

N ot e .   R es ults a r e  b as e d  o n t h e c h ai n  of l e n gt h  3 0, 0 0 0 a n d  b u r n-i n  1 5, 0 0 0.

T a bl e  4. S kill   M ast e r y   R at e   O v e r   Ti m e.

S kills   Ti m e  P oi nt  1   Ti m e  P oi nt  2   Ti m e  P oi nt  3   Ti m e  P oi nt  4   Ti m e  P oi nt  5

9 0 8 x a xis  0. 5 3 0 0. 6 0 7 0. 6 3 2 0. 6 5 2 0. 6 7 0
9 0 8 y a xis  0. 6 1 8 0. 6 7 8 0. 7 1 2 0. 7 4 9 0. 7 8 1
1 8 0 8 x a xis  0. 4 7 3 0. 5 3 6 0. 5 7 5 0. 6 2 1 0. 6 7 0
1 8 0 8 y a xis  0. 4 5 9 0. 5 2 1 0. 5 4 7 0. 6 0 1 0. 6 6 1

N ot e .   R es ults a r e  b as e d  o n t h e c h ai n  of l e n gt h  3 0, 0 0 0 a n d  b u r n-i n  1 5, 0 0 0.
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diffi c ult  t o  c o m p ar e   wit h  t h e  hi g h er  or d er   m o d el   wit h  c o v ari at es  of   W a n g  et  al.  ( 2 0 1 6).   T h e
n u m b er  of str u ct ur al  p ar a m et ers is   m u c h  hi g h er i n t h e  F O H M   m o d el,  b ut t h e  hi g h er  or d er   m o d el
i n cl u d es a l at e nt l e ar ni n g a bilit y p ar a m et er f or e a c h i n di vi d u al, r es ulti n g i n   m or e a ct u al tr a nsiti o n
pr o b a biliti es.   N e v ert h el ess, t h es e t w o   m o d els  yi el d e d r es ults t h at   w er e r el ati v el y c o nsist e nt.

A  c o m m o n as p e ct  of t h e  F O H M   m o d el  a n d t h e   m o d els  of   W a n g  et  al. ( 2 0 1 6) is t h at  of  n o n-
d e cr e asi n g tr aj e ct ori es.   Y et  a n ot h er  dir e cti o n t o  c o nsi d er i n l at e nt  cl ass   m o d els  f or l e ar ni n g is
h o w t o  b uil d r el ati v el y  p arsi m o ni o us   m o d els t h at  all o w  f or tr aits t o  b e l e ar n e d  a n d  u nl e ar n e d.
T his   m o d eli n g  of r et e nti o n   m a y  pr o v e es p e ci all y  us ef ul i n l o n g r a n g e l o n git u di n al st u di es   m or e
t h a n i n t h e r el ati v el y s h ort ti m e  d ur ati o n  of t h e s p ati al r e as o ni n g tr ai ni n g a n d ass ess m e nt.

I n t his st u d y, it is ass u m e d t h at t h e it e m p ar a m et ers   w er e i n v ari a nt o v er ti m e. It is u n cl e ar   w h et h er
fi xi n g  it e m  p ar a m et ers  o v er  ti m e  is  a  n e c ess ar y  c o nditi o n  f or  i d e ntif yi n g t h e   m o d el  p ar a m et ers.
A d diti o n al t h e or eti c al r es e ar c h is n e e d e d t o est a blis h g e n er al   m od el i d e ntifi a bilit y c o n diti o ns.

M o d els f or l e ar ni n g   will  n e c ess aril y  b e   m or e  c o m pli c at e d t h a n  st ati c   m o d els,  b e c a us e t h e y
c o m bi n e t h e   m e as ur e m e nt   m o d el   wit h a tr a nsiti o n   m o d el.   C o m p ut ati o n al as p e cts  of fitti n g t h es e
m o d els   will  b e  a  criti c al  ar e a  of  r es e ar c h.  I n  t h e  si m ul ati o n  st u d y  a n d  r e al  d at a  a n al ysis,  t h e
DI N A   m o d el   w as  us e d.   W h e n  attri b ut es  ar e  s o  cl e arl y  d efi n e d,  s u c h  as t h e  p arti c ul ar  r ot ati o n
o p er ati o ns i n t h e d at a e x a m pl e t h at   m ust b e a p pli e d c o nj u n cti v el y, t h e   DI N A   m o d el c a n fit  q uit e
a d e q u at el y  as s h o w n  b y   W a n g  et  al. ( 2 0 1 6).   H o w e v er, i n  a p pli c ati o ns   wit h l ess  cl e ar  attri b ut es,
p er h a ps  l e a di n g  t o  s o m e   Q- m atri x   miss p e cifi c ati o n,   m or e  g e n er al   C D Ms   will  pr o v e  us ef ul.
C o u pli n g t h e  F O H M   m o d el  or  a n ot h er l e ar ni n g tr aj e ct or y   m o d el   wit h  a   m or e  g e n er al   m e as ur e-
m e nt   m o d el  ( e. g.,  s e e   H e ns o n,   T e m pli n,   &   Wills e,  2 0 0 9;   G.   X u,  2 0 1 6)  c a n  pr es e nt  c o m p ut a-
ti o n al c h all e n g es a n d t h e  n e e d f or r es e ar c h a n d s oft w ar e  d e v el o p m e nt.   A n ot h er ar e a  of r es e ar c h
t h at   will  pl a y  a  vit al r ol e is  ass ess m e nt  of   m o d el fit.   T h e  d y n a mi c  as p e ct  of t his   m o d el  pr es e nts
a n ot h er  di m e nsi o n  of fit ass ess m e nt t h a n is r e q uir e d  b y st ati c   m o d els, a n d t e c h ni q u es t h at t ar g et
p arti c ul ar  as p e cts  of   misfit   will  b e   m or e  us ef ul t h a n  gl o b al   m e as ur es  of fit.   T h e  g e n er al   m et h o d
of p ost eri or pr e di cti v e c h e c ki n g ( Si n h ar a y, 2 0 0 6;  Si n h ar a y   &   Al m o n d, 2 0 0 7;  Si n h ar a y, J o h ns o n,
&  St er n,  2 0 0 6) all o ws  o n e t o st u d y r esi d u als t h at  p ert ai n t o a  p arti c ul ar as p e ct  of fit, s u c h as t h e
m e as ur e m e nt   m o d el  or t h e tr a nsiti o n   m o d el,  a n d t h er e is  a  n e e d f or r es e ar c h i nt o t h e r esi d u als
t h at  b est e v al u at e t h e fit  of e a c h.   As   m or e  d at a ar e c oll e ct e d t hr o u g h  o nli n e l e ar ni n g,  n e w  q u es-
ti o ns  a n d  a p pli c ati o ns   will  arri v e  t h at   will  r e q uir e  a d diti o n al   m et h o d ol o gi c al  r es e ar c h  i n  t his
e m er gi n g ar e a of ps y c h o m etri cs.

A u t h o r s’   N o t e

O pi ni o ns r efl e ct t h os e  of t h e a ut h or(s) a n d  d o  n ot  n e c ess aril y r efl e ct t h os e  of t h e  gr a nti n g a g e n c y.

D e cl a r a ti o n   of   C o nfli cti n g I n t e r e s t s

T h e a ut h or(s) d e cl ar e d n o p ot e nti al c o nfli cts of i nt er est   wit h r es p e ct t o t h e r es e ar c h, a ut h ors hi p, a n d/ or p u b-
li c ati o n of t his arti cl e.

F u n di n g

T h e  a ut h or(s)  dis cl os e d r e c ei pt  of t h e f oll o wi n g fi n a n ci al s u p p ort f or t h e r es e ar c h,  a ut h ors hi p, a n d/ or  p u b-
li c ati o n  of  t his  arti cl e:   T his  r es e ar c h   w as  s u p p ort e d  b y  a  gr a nt  fr o m  t h e   N ati o n al  S ci e n c e  F o u n d ati o n
M et h o d ol o g y,   M e as ur e m e nt, a n d  St atisti cs  pr o gr a m  gr a nt  # 1 6 3 2 0 2 3.
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